s and the Bolzano-Weierstrass Theorem

. Subsequence
Section 3.4
|\\\\\|\|\I.\|\|\l

. on we will introduce the notion of a subsequence of a sequence of real numbers.
his wnn:on, bsequence of a sequence is a selection of terms from the given sequence
[nformallys 3 v_c owmu rerms form a new sequence. Usually the selection is made for a definite
such that the ¢ mB le, subsequences are often useful in establishing the convergence or the
purpose mowwmwwm ww @mo:on. We will also prove the important existence theorem known as
m“%mﬂ”w”o..i&mﬁw:mmm Theorem, which will be used to establish a number of significant

results.

Int

finition Let X = (x,) be a sequence of real numbers and let n, <n, <--- <

rictly increasing sequence of natural numbers. Then the sequence X' = ( x, )

3.4.1 De
n, < ..-beast

given by

is called a subsequence of X.

For example, if X := ﬁ W W - ), then the selection of even indexed terms produces

the subsequence

, 1 11 1
X = ae T w )
where n, =2,n, =4,---,n, = 2k, - - -. Other subsequences of X = G\:v‘mao the fol-
lowing:
111 1 1 1 1 1
T' Zai |||. el .M_l_,w:_ |N|»ﬂ -

The following seq
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3.4.7 Monotone Subsequence Theorem [ X = (x ) isasequence of real numbers, then
there is a subsequence of X that is monotone.
Proof. For the purpose of this proof, we will say that the mth term x_ 15 2 F 5'-1'_5‘ if
v, > x, forall nsuch that n > m. (That is,.x,is never exceeded by any terim that follows
it n  the sequence.) Note that, in a decreasing sequence, every term is a peak, w!
increasing sequence, no term is a peak.

We will consider two cases, depending on whether X has infinitely many. ©F finitely

many, peaks.
Case 17 X has infinitely many peaks. In this case, we list the peaks by increasing

SUDSCIPLS: X, X v Xy 00 Since each term is a peak, we have

vV

X, >Xx e > X > e,
IIll - IH: - — ,”k

Therefore, the subsequence (x, ) of peaks is a decreasing subsequence of X.

Case 2: X has a finite number (possibly zero) of peaks. Let these peaks be histed
x . Lets :=m, +1 be the first index beyond the lad
“

ts 5, > 5, such lhat X< x .Since x is notapes

‘ C()ntllllllﬂ“ in lhl\ Wway, \‘. - \‘\t‘h‘ﬂﬂr an increasing
3
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