REDUCIBILITY TESTS

In high school, students spend much time factoring polynomials m._:_
linding their roots. In this chapter, we consider the same problems in a
more abstract setting,

To discuss factorization of polynomials, we must first introduce
the polynomial analog of a prime integer.

NITION  Irreducible Polynomial, Reducible Polynomial

DEFINITIO
Let D be anintegral domain. A polynomial fix) from D[x]| that is

- neither the zero polynomial nor a unit in D]x] is said to be irre-
ductble over D if, whenever flx) is expressed, as a product flx) =
O, with g(x) and A(x) from D[x], then g(x) or A(x) is a unit in
Dlx]. A nonzero, nonunit element of D|x] that is not irreducible
over Das called reducible over D.

In the case that an integral domain is a ficld F, it is more conve-
nient, although equivalent, to define a nonconstant flx) € Flx] to be
irreducible if f{v) cannot be expressed as
als of lower degree

a product of two polynomi-
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Theorem i7.1 Reducibility Teot fo
ucibility Test for Degrees 2 and 3

Let F be (l.ﬁ_(f/(/. If fix) € Flx] and deg fix) = 2 0r3, then
Ax) is reducible over F if and only if fix) has a zero ;';; Iz

PROOF. Suppose that f(x) = g(x)h(x). where both £0x) and h(x) be-
long to Flx] and have degrees less than that of flx). Since deg fix) =
deg g(x) + deg h(x) (Exercise 16 of Chapter 16) and deg fix) 2 or 3
at least one of g(x) and A(x) has degree 1. Say. g(x) = ax + b. Then
clearly, —a 'b is a zero of g(x) and therefore a zero of fix) as well.
Conversely, suppose that fla) = 0, where a € F. Then, by the
Factor Theorem, we know that x — a is a factor of f{x) and. therefore,

Ax) is reducible over F.

Scanned with CamScanner



EZ" D PO\A}}’\OM\.\&%S %,\{i" T TVrede b hos |
OUa 7'5 b &} )‘L,LALLQ?[O(LL OVwn 2.

5/\1\')
S rdorhy FCD =Ty
>0, 2‘1 2;1"/{ ),1, b, 91
2 % €C®) m+ =4 F 0in &4, %<

FC) = ™12 23F0in 2y g

F (V)= 2V =T+ 0n 29
b S=0In 25

- . —?Q?\) (N Me 2w In 24 boT
){' E&oV. Z A Y G Loy {LF’M):){\;I

\

I R AN OVin T~ bal redicdyic
N 1 Zg,

Scanned with CamScanner



17 /7 FPOCIOFIZOINN () & trn g .

DEFINITION Content of Polynomial, Primitive Polynomial

The content of a NONZETO polynomial a,x" + da,.x" . } h -+~'

ay, where the a’s arc integers, is the grc.:tlcsl common ('JJ‘IIS()I” of
¢ the integers dy, Ay 1y -« - do: A primitive polynomial is an cle-
¢ ment of Z[x] with content 1.

Gauss’s Lemma

The product of.two primitive polynomials is primitive.

PROOF. -Let fix) and g(x) be primitive polynomials, and suppose
that f{lx)g(x) is not primitive. Let p be a prime divisor of the content of
fix)g(x), and let f(x) g(x) and flx)g(x) be the polynomials obtained
from f{x), g(x), and }(x)g(x) by reducing the coefficients modulo p.
Then, f(x) and g(x) belong to the integral domain Z,[x] and f (x)g(x)
= fix)g(x) = 0, the zero element of Z,[x] (see Exercise 28 in Chapter
16). Thus, f (x) = 0 or g(x) = 0. This means that either p divides every
coefficient of f{x) or p divides every coefficient of g(x). Hence, either

f(x) is not primitive or g(x) is not primitive. This contradiction com-

pletes the proof. 0 =
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