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£ é;;mple 16. A cone of given wéight and volume floats with its vertex downwards, prov'e

1,::\‘\that the surface of the cone in contact with the liquid is least when its vertical ang,

41
2e’()
Sol. For a cone with height h, semi vertical angle o and material density p be
floating in a liquid of density G. -
Let x be the depth of the vertex O below the surface of floatation, then the weight
of the cone is given by

W= %nrzhpg = gh‘"’ tan’apg = Vpg,

Fig. 221
by

Where volume of the cone is given
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V= 1n:rzh = Eh3 tan? o
3 3 | (1)
Lk P8
1% - (2)
ginceWand V are constant, hencep is constant.
As the cone is floating 1n equilibrium,
SO weigl;t of the cone = weight of the liquid displaced by the cone
M3, 2 _T .3, o '
N 3h tan“apg =3% tan® ooy
= h’p =x% ..-(3)
LetSbe the area of the curved surface in contact with the liquid, then
' S=nrl = n(x tana)(x secot) = mx 2 tano.seco
(13 =
=7 \_c_p] seco. tano : [using...(3)]
r \2/3 2\3 2\3
=N _p_) h?seco. tano. = n(g) ( 3‘; ) seco.. tano. [using (1)]
\O (o] tan“ o
2,2\1/3 omp2)”’
S= s tan/3 aseco. =k _§§°_°1/_3 where  k =( p2 )
02 (tana) c
is tan?/ 3asec;oc tano — sec’ a,%(tana)’m
B 1o = k tan2/3 o

For maximum and minimum values of S,

ds 4 _1,)
-La_o =0 = tan (\/E

1
) 1
Vertical angle = 2o = 2 tan (75 ‘ o

o mvembar N
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\

.}93'0\"‘“ ample 2. A hollow hemispherical shell has a heavy particle fixed to its rim, and

in water with the particle just above the surface and with the plane of the rim inclined

oats ngle of 45° to the surface. Show that the weight of the hemisphere is to the weight of

.a'l m:p:ter which it would contain is @42 - 5): 6+/2.
the

sol. Let a be the radius of the hollow hemisphere ; then its weight W will act

thmugh G, where OG= %, G being on the symmetrical radius OC.

Let PCAQ be the free surface, then from the question ZOAC = 45°.

Gince OA = OC, hence ZOCA =45°

. LAOC=90°i.¢., C is the vertex of the herispherical shell. Let W’ be the weight
of the particle at A. o ~

- W + W’ =weight of the liquid displaced by the volume AMC.

Now volume of the segment AMC
el nMN3[OM a ﬂ] [as ON= a/N2, OM =al
) 3 . MN=a-a/2
—ma1- L) la-La(1-LY =a(l-
=na (1 ﬁ) [ 3° (1 ﬁ)] a (1-1/2)

M3

=573 W2 -1)*[3V2-+2+1]
m3
s 22) (22 +1)

_
62
The upthrust = volume of the segment AMC x density of liquid x g

W+W’=M;3(4\/§—5) pg (1)
672 .

(4v2 - 5).

Which acts vertically upwards through MN. ; -
Now taking moment of all forces about O, we get W.OG sind5° = Wigges3

a 1 1
Wi oW
22 "R =
W =2W’
From (1) and (2)
3

w—’“l3 442 - 5)
2V =6
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Now taking moments about A where the particle is fixed, we get for equilibriym
3
a na
W x [a += | cos45° = === (442 - 5) p.a cos45°
( 2) 3 VRN
W _4/2-5
or = ,
23 6+/2

na’p

wt. of the hemispherical shell 442 - 5 W (@2-5p

ie., = =
wt. of water it can contains 6v/2 2 i’ 6+/2
3 P8




Stability of Equilibrium of Floating Bodies O 329
s Theorems on Stability

o §8.3 Tq show that the, equilibrium condit.ion is stable or unstable or neutral according as
Vz,\'} meta-centre is above or below the centre of gravity or coincides with the centre of gravity.

) [TMBU - 06 H, 09 H]

Proof. .Let W be the weight of the floating body with centre of gravity at G, then

Wact vertically downwards through the centre ol’y gravity G in any floating position

of the body. Let H be the centre of buoyancy (.c., CG, o;ythe displaced liquid) in the

position of equilibrium, through which weight W of the displaced liquid (i.e.
upthrust of the displaced liquid) acts vertically upwards and GH is vertical.

Y w

Fig. 266

. Now let the body be slightly displaced through an angle 8 and let H’ be the
displaced position of H. In the displaced position the upthrust W of the displaced
liquid will act vertically upward through H’. Thus the weight W of the body
through G and weight W of the displaced liquid through H’ form a couple.

Drawing a vertical line through H’, which intersects HG extended at M, the point
M is called meta-centre of the body. Drawing a perpendicular GB from G on H’ M
then in AMGB,

sinG=EIi = GB=GM sin 0
GM -

Moment of the couple (W, W) = W.GB
=W.GM sin 6
=W (HM - HG) sin 6.

If the moment of this couple is (+ve) i.e. the couple has a tendency to rotate the
body in antilock-wise direction, then the body will tend to come back to its original
Position and if the moment of the couple is (—ve), then the couple has a tedency to
Iotate the body in clock-wise direction i.e. the body will tend to recede further from
Its displaced position. g

. The equilibrium of the body will be stable or unstable, according as

(HM - HG) sin6>86 or <0
ie. HM - HG>0 or <0
ie. HM> or <HG
i.e. equilibrium is stable if HM > HG i.e. M is above G

ilibri : 1 below G.
and equilibrium is unstable if HM < HGi.€. M is bel ‘
i.e. Equilibrium is stable of unstable according as M is above G or M is below G.

[as sin B> 0]

— e P e Nl

= e

e



¢ §8.8Tofind theposition of the meta-centre and hence deduce the meta-centric height
o ’

* [CU 2001(1), 2003y

Proof. Referring to the figure (266), let H and H’ be the centres of buoyancy i

original position and displaced position of the floating body respectively, then the
coordinates of H and H’ are given by

f=%”xz dxdyW

<

= % ”yz dxdy |
= %/- ”z2 dxdy-

[[x @ +x0)dxdy |

[as in § 8.5] (1)

Ny

== 1
x'=—
Vv

y'= % jIy 04 +‘x9) dxdy

7?'=%“(z2 —x292) dxdy_ |

v

[as in § 8.5] ' (2

From (1) and 2
HH =x'-x

_1 1 1 '
= {/_- ”x (Z +x6) dxdy - V ijz dxdy = -‘7 ”x29 dxdy
’ e 3)
= z v 5 ‘”(
HH' = v ”x dxdy
Let A be thn.e area of the plane of floatation and k be the radius of gyration of the
plane of floatation about the axis of rotation i.e. y-axis, then

2 _ G , jon
I I *" dxdy = moment of Inertia of the plane of floatation FTN about the axis of rotatio
= Ak? R )
From equation (3) and (4),
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HH' =2 Ak?
%
In AHH’M, HH’, = HM sin® = HM®0 [as 0 is very small]
0
— Ak* = HM®
= v
2
o HM =% ..(5)

This gives the position of the meta-centre M i.e. the distance of the meta-centre
from the centre of buoyancy H. Here HM depends upon the area of the plane of
floatation in the original position and volume of the liquid displaced.

The metacentric height GM is given by

2
{ GM:HM—HG:A—";—-HG.,

..(6)
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°
J ¢ example 2. If the floating solid be a cylinder, with its axis vertical, the ratio of whose
v

f
V" secfic gravity to that of the fluid is 6 prove that the equilibrium will be stable, if the rutio of
:}]ze radius of the base to the height be greater than

[26 (1-0)]"/?
Sol. Leta be the radius of the base and h the height of

the cylinder of density p;. If i’ be the length of the axis ®

immersed in the liquid of density p,, then for equilibrium,
wt. of the cylinder = wt. of liquid displaced

ie. nahp, = na’h’p,

(C.U. 02H)

where P1

=G
P2

or & S (1)
h  p,

The plane of floatation is a circle of radiusa

HM = Ak* _ moment of inertia of the plane of flotation

V volume immersed
na? a” .
mah’ 4’
Also h’ h

OH=—and 0G==-
2 2

50 that HG=0G-0H=2 ;- I)

The equilibrium will be stable if

HI\Z/I > HG
Le; Ez,>%(h—h’)ora2>2h’(h—h').
. a_2_>&(1_h_]>20(1_0)
h h h
£ % [26 (1 -0)]
This Proves the result,

[from (1)]

— =



-—— —r == L (o) a

?3 Example 6. A solid cone is ﬂoatmg with its axis vertical and vertex downwards. Discuss
’L its stability of equilibrium. [TMBU-13H]

Sol. Let h be the height and o the sermi-vertical angle of the cone of density p.
Let it float in the liquid of density 6 with a lengthh’ of its axis immersed.

Then for floating,
wt. of the cone = wt. of the liquid displaced,

ie, %ﬂ:h3 tan? op = %nh'3 tan’ o
3
or h = g (1)
hl3 p : .

The plane of flotation is a circle of radiush’ tana.

Ak? mh’? tan’g (%h’z tan3(x)
vV 1 '
gnhz‘ tan’o

HM = 3

= >}’ tan’o
4
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Also OH=%h'amiOG=%h

s0 that HG:OG—OH=%@-h1

The equilibrium will be stable if
HM > HG
or gh' tan’o. > c h-h"
4 4
or h'sec? o >h
or L3 > cos?a, 7
h' |
or h” > cos® ol | ' \
h®
or P oo [from (1)]

o _ °



20\(’ Eme;w 10. If a solid pargboloid, bounded by a plane perpendicular to its axis, float
with its axis vertical and vertex immersed, the height of the meta-centre above the centre of

gravity of the displaced liquid is equal to half the latus rectum.
Sol. Let the equation of the paraboloid of revolution be

S
x“+y°=4az
.6, (1
L u2=4az,} (1)

where 44 is the latus rectum.
Let a length 1 of the axis of the paraboloid be

immersed in the liquid.
Putting z=h in (1), the radius of the plane of =

flotation which is a circle is given by
r2=4ah : (2)
Ak? = moment of inertia of the plane of flotation ===y
about a principal axis, i .e., diameter ACB
2 ‘
=nr2-rz=4na2h2 [from (2)]

V = volume immersed

_ [m? dz = j" ndaz dz = 2mah?
0 0

Also

So, HM = height of meta-centre above the C.G, of the displaced liquid
2 2,2 '
Ak _ 47a h2 — o
|4 2nah
= half the latus rectum.




v ™ I
|+ 20\b Example 17. A solid body consists of a right cone joined to a hemisphere on the same fl I
base and floats with the spherical portion partly immersed ; prove that the greatest height of (e |
the cone consistent with stability is /3 times the radius of the base. i "3
Sol. Let & be the height and a the radius of the % i |
base of the cone. Also let G; and G, be the centres of ‘Ilj
gravity of the hemisphere and the cone ; then & '}5 |
06, =0C =6 =it Sa= ", i i

ol s MI '8
0G,=0C +CG, =a + %h. e
Il 18 i
______ il
Hence if G be the joint centre of gravity, then = y = | ’{
z;ta3-§a + 1nazh (a 4+ 1h) i e = | i'i

OG _ 3 /) 8 3 4 e T e e ‘: ?

g1t¢13 +1na2h i
3 3 '
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4% 41 (a + lh)

4 4
2a +h

But since the meta-centre is the centre of curvature of the surface of buoyancy, the
centre C is the meta-centre of the body here.

For stability OG < OC

or

222 11 (a+lh)sa (22 +h)
4 4

or %hz<ga2 or h<./34.

This proves the result.



