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* o3, IfX=yU +2),Y=2@E+ %), Z =Y (y — %), surfaces of equal ppyq.

b paraboloi gy (x + =c(y+ z) and the curves of equal preg Ure
+2z) =const., (y+2)= const.

Exampl

are the hyperbolic :

density are given by y (¥
Sol. We know that

dp =p[Xdx +Ydy+Zdz].

ces of equal pressuré p= const.,i.e., dp = 0.

Now for surfa ‘
Thus surfaces of equal pressure are givenbydp = 0

de+Ydy+Zdz=0

or
or y(y+z)dx+z(z+x)dy+y(y—x)dz=0
or dx . zdy N (y —x)dz a0

z+x yy+2) (y+z)(z+x)
- dx zdy +(y+z)—(x+z)dz=0,

z+x Yy +2) (y+z) @ +x)

as y—x=(y+2)-(+2)

or dx + Zdy + dz - dz =0

z+x yy+z) z+x Y+z
or de+dz  zdy—ydz_

x+z y(]/+z)
or dx+dz+dy(2+y)—y(dy+dz)_0

d ,
i+_dz+dy dy +dz _
X Tz y y+z

or

Integrating, log (x +z) + logy — log (y + z) = logc

or
. yx+z)=c(y +2)
w}uch - - 3 - j ’
Agit\lzi;luaufon giving surfaces of equal pressure
es of equal pressure and density are give.n by
dx d
9 _ y dz
N % 9K _oY
zZ dy ox o9z W Cox
or dx
TS e AN S
-— y — . =
X) -y-y Qy+z)-z

or dx
dy
Fro :_zTy - :L = 'di (1)
m the last two fractions n
d
Y+dz=0 of Y + 2z = const

N
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Also using the multipliersy, x + z, y respectively, we have
ydx+(x+z)dy+ydz=0

of ydx+xdy+zdy+ydz=0
or XY + yz = const. ...(2)
(1)and (2) together represent curves of equal pressure and density °

\b Example 4. Shozzu that the forces represented by
e X=n(y +yz+zz),Y=u(zz+zx+x2),z=u(x2+xy+y2)
will keep a mass of liquid at rest, if the density o

d t)z from the plane x +y +z =0;
ist.

and the curves of equal pressure and density will be circles.
Sol. Let d be the distance of point (x, y,z) from the plane x + y +z =0; then

PIELS AL
=75
. 1 :
If p be the density and p o« , th
e andp < Gz ten
1 A
o — =*, .-.1
P d? or P ()c+y+z)2 @

where A is a const, the liquid is heterogeneous.
Now the given forces will keep the heterogeneous fluid in equilibrium, if

0 _0 d _9 9 -9
3y PO =5 )5, 8D =5, 00, 5 X =5 0Y).

We have to show that these conditions are satisfied by the given values of X, Y, Z
whenpis given by (1).

P p) X
N Y 0Z) ==
G ay(p) ay[

— = oxp 2 +xy +y?
Ty B +xy y)]

_ (x +2y) (x+y+z)2—2(x+y+z)\(x2+xy+y2)
: (x+y+z)4 )

_a [(x +2y) (x+y+z)—2(x2+xy+y2)]
K @ +y+z)°

= __;i—? [-x2 + 2yz +xz + xy]. (2
x+y+2)

0 0 A 2 2
and AN =—|——uZ°+2zx +x
0z oY) 0z [(x +y+z)2u( .)J

2z +x) x+y+2)2 -2 @ +y +2) @2 +2x +x?)
@ +y +2z)*

=)‘,],L

_a 2z +x) (x +y +2) -2 (2 +zx +x?)
s & +y+2)°

o M [xszxa2yze --(3)
Teyrp TRl
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d d |
Thus from (2) and (3), we getgg PZ) = % eY).
Similarly it can be shown that
—a-(pZ)=i (PX) and Kk (pX)=_a_ PY).
dx 0z ay ox

Thus the given forces will keep the mass of liquid at rest if pis given by (1),
Again the curves of equal pressure and density are
dx N dy dz
dY dZ 9Z 09X 09X Y
9z dy odx 0z Jy ox

or i _ dy _ dz
C+22)-(x+2y) x+y)-(y+22) (Qy+z)-(+2)
or dx__ dy _ dz
z-Yy x—-z y-Xx
=dx+dy.+dz=xdx+ydy+zdz
0 0
o dx +dy +dr =0 gives X + i +z =const, 4
and xdx+ydy+zdz=0 gives x% +y? + 2% =const. )

(4) and (5) together represent the curves of equal pressure and density. Thes¢
curves being the curves of intersection of planes and spheres represent circles.

Al2s . 4. .




F wiuess =

® example 5. A fluid rests in equilibrium in 4 field of force, X = yitz? — Xy — Xz,
o 2 — 2, .2
Moy=2+xt-zy-xy, Z=xt 4y _xp Yyz. Show that the curves of equal pressure
and density are a set of circles.
Sol. The differential equations of curves of equal pressure and density are

dx __dy 4z
Y 0Z 0Z 93X X oY
N dz dy odx 9z 5_5
dx 5 dy 3 dz
Z-y)-Qy-2) &-2-@-x @y-x-@-y)
dx _dy 4z
y—z_z—x—x—y'
_dx+dy+dz xdx+ydy+zdz

or

or

0 0
Now , dx +dy +dz =0 gives x + y +z = cosnt.
and xdx+ydy+zdz=0 gives x* +y* +2% = const.
These equations together represent a set of circles. ]

¢ Example 6. If the components parallel to the axes of the forces acting on the element

of fluid at (x, y, z) be proportional to
y? +20yz+22,2% + uzx + 27, x% + 2vay + 32,

show that if equilibrium be possible, we must have
2 =2u=2v=1. [TMBU-2006H]
SoLHerelet X =k (y? + 2Ayz + z%),
Y =k @2+ 2uzx +x%), Z =k (¢ + 2vxy + y°).

The fluid will be at rest if
o if k2 {(y? +20yz +2%) (22 + 2x - 2x = 29)} =0
or T (2 + 2hyz +22) -y + @ -0) 1} =0,

When 2), =2 = % = 1, it becomes
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2 {y*+yz + 2% E-y}=0
or 2 (1/3 2 z3-) =0
or W -2°)+ -2+’ -y¥) =0

which is clearly satisfied.
Thus the condition of equilibrium is satisfied when
| 20 =2u=2v=1.
This proves the result.



J"T.Example 14. A.given volume of liquid is at rest on a fixed plane under the action of'a
e, to a fixed pont the plane, varying as the distance. Find the pressure at any point of
de liguid and the whole pressure on the fixed plane.
gol. Let the fixed point be taken as origin.
consider a point P at a distance r from the origin.
force on it = pr towards the centre; hence pressure at

this point is given by

dp =—purdr.

Integrating, p =c — %purz.

And if 2/3 ta® be the given volume, the free
surface is a hemisphere of radiusa. Thus we have

p=0whenr=a

1 2
c=—=
ZPW

1
p= EPH @ - r?).

;'his.gives pressure at any point P of the hqﬁid. | .
0 find whole pressure on the fixed plane. To find total pressure on the fixed

P la;‘;(which is here a circle of radius a) consider a point Q on the plane at a distance
Oenclosed by an element of areau du 6.
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puttingr = uin (1), pres
1
on the elementu ou 60 = Epu @ 2_ uz) u du d6.

1
sureatQ = EPH @ - ).

Pressure

2 al 2
Somtalpmssure=fon_[0§ pU (a2 —u”)ududod
122_14”=1t [la‘l——l—a“:l:l )
”pu[-i” . ]0 PR[Z" ~4" [TgTmem.

S *Example 15. A mass of liquid rests upon a p'lane subjfzct to a central attracyy, ro
p/r?, situated at a distance c from the plane on téw side opposite to that on which i the flyig.
mpU (@ —c¢) '

—a
Sol. The liquid rests on the plane in the form of a
cap which is part of a sphere of radius 2. We have to
determine pressure on the plane (the circular base of
the cap). Let us first consider a point P in the liquid at

adistance r from the centre O of the sphere.

2

show that the pressure on the plane =

FREE-SURFACE

The only force on P is % towards O. Therefore the
r

pressure at P is given by dp = — p—uf dr.
r

PR

Integratingp =c + —
r

But whenr =a, p = 0 at the free surface ; S C=-— P_!»l

a.

Thus a (1 1)_‘(1 1)
p=pp[=-=|=pp|—-2=

r a PH OP a

Now consider a point Q on the plane base of the cap ; then pressure atQ

—pp[ L _1
pu(OQ a)..

Tak :
50 thaa:(g)g; f%“éez“i“c&‘fe surrounding the point Q such that CQ =  and £C0Q=b
Q% =c* +u?; then pressure on the small element u 5u 58atQ
1 1 :
P“(@—;)wauz‘)e:pu L, suse
Inte €*+u?) a
grating between th g, f
cap. total pressyre o fhzr:gil; limits, so as to include the whole circular b5
=pu m 2n 1 1
g Io T — —(ududo,
€+ u2) a

]
. 7_¢']
[radius of the base being g

= pufo]" [\/m . ‘ﬁ] V'~ ef)

2aO

|
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=27 al—c—az_c2
= 2Pl >

= 27pp @ - c) (1 ~ E)=M(a — )2
2q a




