—— el e B
W o —

e o — e ————

Cefaué_"}) - of 4;7 R asts My €N Aud

tleat 0O 4 — L
_ A 'L7 O/
P sinee *“f %"" nems = GD:rfm sk
W R ALe
Tl £ 6 not a loww e € v Achs

}) '_17-3 Ng INE,XQ,'ﬂdM&%"JU N ¢
Thea i a-mw
3 O< Ny
C.UYOl Lﬁnf\a ‘)F \‘}}O/ Tl YA s ')’\\3
Tlaak My =L 294Ny

P’ff Canstde a sd E\a %mé w LY Amé

—_—
—

g Avchdmedien prpathy fev & EIR T~
=g sf o nakteval humbic i Auth Tt B Lm,
<6 msq- E‘k"’ heme,waH ard_ T w e
Seloted o] N v Sf s had b Aummboul

(o N A wUA

Scanned with CamScanner



@"7 tue A ~omoQ,vu“»‘} [?’V).”‘-C';L‘P (e EIW (&M e l
~e,(g,_w+ /S&)j y\‘_x' Mt Y Z_’Y\\} [ Ny € -\L‘fw'g
B E |

Aldo A e h‘ﬁ — & é?\\g &0 hta A % (!
cn My b vt Least elinesd A By . |

-

Scanned with CamScanner



" bounded above by 2, because ifr =

x = sup S by finding an n

then we get (x + l/n)2 <x*4 2 - x2) = 2. By assumption we have 2~ x

UL v -

, ; " /
2.4.7 Theorem There exists a positive real number x stuch that x

set 1 not ernpty, O YT T

2. then [2 ~ 4 sothat 1 ¢ O herelare fhies Supretntirn

a supremum in f, and we Jet o

Proof. let §:=1{5 € R: 0 =< g, 52 « 2). Since |« 5, the
Property implics that the set S has sup . Mote that
Lo dand -7
t thiat

x> I
We will prove that x? =
First assume that x% < 2. We will show
¢ N such that x -+ 1/n ¢ 8, thus implying that o s notan e

hat l/n)‘ < 1 /n 5o that

2 by ruling out the other two possibilitiens: x
hat this assumption contradicts the fuae

bound for S. To see how to choose »n, note

5% g , 2X J s . 3.,
lv -}. — p— _x -*- —— -*— "-"; _'_‘ ( ’ ' = (),/‘ i l ) '
n n n” n

Hence if we can choose n so that

: - 2
~2x+1) <2 ~-x7,
n

2 .0, 50 that

(2 —x¥)/(2x + 1) > 0. Hence the Archimedean Property (Corollary 2.4.5) can be used to
obtain n € N such that

' | 2—x?

—
~

n 2x+41

These steps can be reversed to show that for this choice of n we have x + 1/n < 5, which

contradicts the fact that x is an upper bound of S. Therefore we cannot have xt <2,
Now.assume that x2 > 2. We will show that it is then possible to find m € I such that

fha_t.l_/ m is also an upper bound of §, contradicting the fact that x = sup S. To do this, note

2

H i '
ence if we can choose m so that
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Now by assumption we have x% — 2 > 0, s0 thy

mY)t > X% - (x* = 2) =2,

> & Hence, by the Archimedean Property, there exists m € N such that

I x2—2
— <
m Zx

o
7
ey
"!:
rrJ
74
g

be reversed to show that for this choice of m we have (x — 1/m)* > 2. Now
2 2 < (x— 1/m)?*, whence it follows from 2.1.13(a) that s < x — 1/m.

S.thens” < 2
thatx — 1/m is an upper bound for S, which contradicts the fag:t that x = sup §.

4 !h

implies

h
efore we cannot have x~ > 2. , uded R
¥ ibiliti 2 excluded, we must ha =2 |
Since the possibilities x* < 2 and x* > 2 have been A Tl
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