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T14 Tangent Planes, Approximations, and Differentiability 
IN THIS SECTION tangent planes, incremental approximations, the toBal ditterential, ditferentiobility 

TANGENT PLANES 
Suppose S is a surface with the equation z = f(x, y), where j has continuous first 

partial derivatives f and fy. Let Po(xo, yo. Zo) be a point on S, and let Ci be the 

curve of intersection of S with the planex = Xo and C2, the intersection of S' with the 

plane y = yo, as shown in Figure 11.20a. The tangent lines 7i and 72 to Ci and C. 

respectively, at Po determine a unique plane, and in Section 11.6 we will find that this 
plane actually contains the tangent to every smooth curve on S that passes through Pa 

We call this plane the tangent plane to S at Po (Figure 11.20b). 

Surface S 

Surface S 

Tangent 
plane 

Fo Yo 20) 

Plane x Xo 

Plane y = yo 

a. C and C, are the curves of 
intersection of the surface S 
with the planes x = Xo and y = yo 

b. The tangent plane to S at Po 

contains the tangent lines T1 and1T2 
to C and C2, respectively.

Figure 11.20 Tangent plane to the surface S at the point Po 

To find an equation for the tangent plane, recall that the equation of a plane with 
normal N = Ai+ Bj+ Ck is 

A(x - xo) + B(y- yo) +C(z - Z0) = 0 

If C #0, divide both sides by C and let a =-A/C and b = -B/C to obtain 
zo = a(x -xo) +b(y - yo) 

The intersection of this plane and the plane x = xo is the tangent line Ti, which 
we know has slope f,x0. Yo) from the geometric interpretation of partial derivatives. 
Setting x= Xo in the equation for the tangent plane, we find that Ti has the point-slope 
form 

-Z0b(y - yo) 

so we must have b = fy(xo» Yo)=a Similarly, setting y = yo, we obtain
(x0.yo) 

Z Zo = a(x - Xo) 

which represents the tangent line T2, with slope a = f (Xo, yo). To summarize:

Suppose S is a surface with the equationz = f(x, y) and let Polxo. yo» 20) be 
a point on S at which a tangent plane exists. Then an equation for the tangent 
plane to S at Po is 

Equation of the Tangen Piane 

z- Z0= fs Co, yo)(x- xo) + fy Xo, yo)(y -yo) 
If the equation is written in the form 

Ax + By +Cz+ D =0 
we say the equation of the plane is in standard form. 
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EXAMPLE Equation of a tangent plane for a surface defined by z= fr, y) 

2at the point Find an cquation for the tangent plane to the surface z = tan 
Po(1. 3. ). 

Solution 

-y -V3 fa, y) = 

s0. )- +3 J. y) = 

I+ () t 

The equation of the tangent plane is 

- a- D+- 
or, in standard form, 

3/3x 3y +12z - 4T = 0 

INCREMENTAL APPROXIMATIONS 

In Chapter 3, we observed that the tangent line to the curve y=f) at the point 
P(xo. yo) is the line that best fits the shape of the curve in the immediate vicinity of P. 

That is, if f is differentiable atr = Xo and the increment Ax is sufficiently small, then 

Ay = fxo + Ax) - f xo) f(xo)Ax 

or, equivalently,

fao+Ax) * flro) + f'lxo)Ax 

Similarly, the tangent plane at P(xo. yo. z0) is the plane that best fits the shape of 

the surface z = f(x, y) near P, and the analogous incremental (or linear) approxi- 

mation formula is as follows. 

Incremental Approximation of a Function of Two Variables

If fa. y) and its partial derivatives f and f, are defined in an open region R 

containing the point P(Xo, yo) and fr and fy are continuous at P, then 

Af= fo + Ar, ot Ay)- fo. yo) * fo, o)Ax + So, o)Ay 

so that 

fxo+Ax, vo+ Ay) * f (o. vo) + fr(ro. Yo)Ax + fo, yo)Ay 

A graphical interpretation of this incremental approximation formula is shown in Fig- 

ure 11.21. 
The tangent plane to the surface z = flx, y) has the equation 

- zo = f (Xo, yo)(r - Xo) + S, xo. yo)(y - yo) 

z- fxo. yo) = f. (xo. yo)Ax + fy xo. yodAy 
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Tangent plane 

= f(r.y) 

The height of the surface 

= fr.y) above 
Qt0+ Ax,Yo+ Ay) is 
approximately the same as the 
height at 2 of the tangent 
plane at Po 

Palzo. Yo) ek Ar. yo+ ay) 

Figure 11.21 Incremental approximation to a function of two variables 

As long as we are near (Xo, yo), the height of the tangent plane is approximately 
the same as the height of the surface. Thus, if |Ax| and |Ayl are small, the point 
(Xo+Ax, yo + Ay) will be near (xo, yo) and we have 

f(o + Ax, yo + Ay) flo, yo) + fo. yo) Ar + fxo. yo)Ay 

Height of z = flx. y) Height of the tangent plane above 

above Q(o + Ax. Jo + Ay) 

Increments of a function of three variables f(x, y, z) can be defined in a similar 
fashion. Suppose f has continuous partial derivatives fr. fy. f: in a ball centered at 
the point (xo, yo, Z0). Then if the numbers Ax, Ay, Az are all sufficiently smal, we 

have 

Af = f(xo + Ax, yo + Ay, zo + Az) - flto. yo. Zo) 

fr xo, yo. Z0)Ax + Syxo. yo. Z0) Ay +fTo. yo. Z0)Az 

EXAMPLE 2 Using increments to estimate the change of a function 

An open box has length 3 ft, width 1 ft, and height 2 ft and is constructed from material 
that costs $2/ft2 for the sides and $3/ft for the bottom (see Figure 11.22). Compute 
the cost of constructing the box, and then use increments to estimate the change in cost 
if the length and width are each increased by 3 in. and the height is decreased by 4 in. 

Solution 

An open (no top) box with length x, width y, and height z has surface area 

S = xy+2xz +2yz 
Botuom l'our side faces 

Because the sides cost $2/ft and the bottom $3/ft2, the total cost is 

Ay Cx, y, z) = Bxy +2(2xz +2yz) 
The partial derivatives of C are 

Figure 11.22 Construction
C =3y +4 

and the dimensions of the box change by 

of a box Cy 3x + 4z C = 4x + 4y 

Ax = 0.25 ft Ay= =0.25 ft Az = -0.33 ft 
Thus, the change in the total cost is approximated by 

AC C3, 1,2)Ax +C(3, 1,2)Ay +C.(3, 1.2)Az 
= [3(1) +4(2)](0.25) + [3(3) +4(2)J0.25) + [4(3) + 4(1)1(-) 
1.67 

That is, the cost increases by approximately $1.67. 
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EXAMPLE 3 Maximum percentage error using differentials 
The radius and height of a right circular cone are measured with errors of at most 

Sand 2%, respectively. Use increments to approximate the maximum possible per 
centage crror in computing the volume of the cone using these measurements and the 

formula V = {7RH. 
Solution 

We are given that 

a0.03 and A 0.02 

R 
The partial derivatives of V are 

VR =TRH and Vu= {7R? 

so the change in V is approximated by 

AV (}7RH) AR + (}7 R) AH 

Dividing by the volume V = {7R?H, we obtain 

AVTRHAR+ {TR*aH -)-() 
TRH 

so that = 2(0.03)+ (0.02) = 0.08. Thus, the maximum 

percentage error in computing the volume V is approximately 8%. 

THE TOTAL DIFFERENTIAL 

For a function of one variable, y = fx), we defined the differential dy to be 

dy f'lx) dx. For the two-variable case, we make the following analogous defi 
nition. 

Total Differential The total differential of the function f(x, y) is 

df =dx+dy f.a, y) dx + f,a. y) dy 
where dx and dy are independent variables. Similarly, for a function of three 
variables uw = f(x, y, 2) the total differential is 

df=ds+dy+d 

EXAMPLE 4 Total differential 

Determine the total differential of the given functions: 

a. flx, y, z) = 2x* + 5y 6z b. fr. y) = x* In(3y - 2x) 

Solution 
. df=dx+dy +, dz = 6x dx +20y dy 6d: 
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h. df ds + dy 

6x dy 2 Int3y- 21)-2dx t 3ya = 2 

EXAMPLE 5 Application of the total differential 

At a certain factory. the daily output is Q= 60K"*LY° units, where K denotes 
capital investment (in units of $1,000) and L the size of the labor force (in worker 
hours). The current capital investment is $900,000, and 1,000 worker-hours of labor 
are used each day. Estimate the change in output that will result if capital investment 

is increased by S1,000 and labor is decreased by 2 worker-hours. 

the 

Solution 
The change in output is estimated by the total differential dQ. We have K = 900. 
L = 1,000. dK = aK = 1, and dL = AL = -2. The total differential of Q(r, y) is 

dQ dK +dL 
aK 

= 60 (}) K-1/2L /3 dK +60 ()K/2L-2/3 dL 

30K/2L3 dK + 20K L-2/3dL 
Substituting for K, L, dK, and dL, 

d = 30(900)-1/(1.000) (1) + 20(900)(1,000)-2/4(-2) = -2 

Thus, the output decreases by approximately 2 units when the capital investment is 
increased by $1.000 and labor is decreased by 2 worker- hours 

EXAMPLE 6 Maximum percentage error in an electrical circuit 

When two resistances R and R are connected in parallel, the total resistance R satis 

fies 

R R 
If R is measured as 300 ohms with a maximum error of 2% and R2 is measuredas 
500 ohms with a maximum error of 3%, what is the maximum percentage error in N: 

Solution 

|dR10.02 andR 
dR2 003 

We are given that 

R 
dR| RR (solve the and we wish to find the maximum value of . Because R 

R+R R 
given equation for R), we have 

R 
R2 (R + Rz) 

àR R R 
and Quotient rule 

RI (Ri + R2)2 

it follows that the total differential of R is 

OR 3R R* aR2 dR dR 
aR 

R 
(R+R) dRi t R +R2 

dK; 
R 

dR2 
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R +R2 it follows We now findby dividing hoth sides by R: however, since 
RR2 

that 

R R Ri + R2 dR RR + R;) dRt (R + R RR RR2 
dR R dR R dR2 
R R + R RRi+ R R 

Finaly. apply the triangle inequality (Table 1. 1. p. 3) to this relationship: 

R R_|48:| 
R+ R:l| R,R+Ral| R 

500 
(0.02)+ 

300 
(0.03) = 0.02375 

300+500 300+ 500 
The maximum percentage is approximately 2.4%. 

DIFFERENTIABILITY 

Recall from Chapter 3 that if f(r) is differentiable at xo, its increment is 

Af = fo + Ar) - flo) = f'co)Ax +eAx 

where e 0 as Ar 0 (see Figure 11.23). 

fto + Ar) 

eAr 
Af=fto+ Ar)-flr%) 

f'xo) Ar 

0 o+Ar 

Af=flro+ Ar) -fr)= f'lty) Ar + eAr 

Error when using 
dfto estimate Af 

Figure 11.23 Increment of a functionf 

For a function of two variables, the increment of x is an independent variable denoted 
by Ax, the increment of y is an independent variable denoted by Ay, and the increment 
of f at (xo. yo) is defined as 

Af = flxo + Ax, yo tAy) - fXo. yo) 

We use this increment representation to define differentiability as follows. 

Definition of Differentiability The function f(x, y) is differentiable at (Xo. yo) if the increment of f can be 
expressed as 

Af= frXo, yo) Ax + Syo. yo) Ay +6Ar +2Ay 

where e 0 and e2 0 as both Ar > 0 and Ay 0. In addition, flx, y) 
is said to be differentiable in the region R of the plane if f is differentiable at 
each point in R. 
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In Section 3.1, we showed that a function of one variable is continuous 

unction 
wherev 

of 
rever 

it is differentiable. The following theorem establishes the same result for a function 
Iwo variables. 

THEOREM I1.2 Differentiability implies continuity 
fa. ) is differentiable at (o. o), it is also continuous there. 

Proof We wish to show that Sr. y) > S(to. yo) as (x. y) (xo» yo) or, equiva- 

lently. that 
lim S, y)-SXo. yo)] =0 

(.y)-(0 0) 
If we set Ar = x - xo and Ay = y - o and let Af denote the increment of f at 

(o. o). we have (by substitution) 

Sx. y) - fKo. yo) = f(to + Ar. yo + Ay) - fto. Yo) = Af 

Then, because (Ax. Ay)» (0,0) as (x, y) > (ro. yo). we wish to prove that 

lim Af = 0 
(Ar,Ay)(0,0) 

Since f is differentiable at (ro. yo). we have 

Af = f(to. yo) Ax + fyo, yo)Ay + e1Ax + e2Ay 

where e 0 and e > 0 as (Ax, Ay) > (0,0). It follows that 

lim 
(Ar,Ay)(0,0) 

Af = limS.xo, yo) Ax + f,xo. yo)Ay +6jAr +eAy] 
(Ar.Ay)(0,0) 

= Lf (Xo, o)]-0+ Lf,to. o)]-0+0+0 = 0 

as required. 

WARNING 
Be careful about how you use the word differentiable. In the single-variable 

case, a function is differentiable at a point if its derivative exists there. However, the word is 
used differently for a function of two variables. In particular, the existence of the partial 
derivatives fr and fy does not guarantee that the function is differentiable, as illustrated in the 
tollowing example. 

EXAMPLE 7 A nondifferentiable function for which f. and f, exist 

Let 

Sa, y)= 1ifx> 0 and y >0 

f.y)= o otherwise 
That is, the function f has the valuc I when (x, y) is in the first quadrant and is 0 

elsewhere. Show that the partial derivatives f and f, exist at the origin, but f is not 
differentiable there. 

Solution 

Since f(0, 0) = 0, we have 

f0 + Ax, 0) - f0,0)0 f(0,0)= lim 
0 Ar 

and similarly, f,(0, 0) = 0. Thus, the partial derivatives both exist at the origin. 
If fa, y) were differentiable at the origin, it would have to be continuous there 

(Theorem 11.2). Thus, we can show f is not differentiable | showing that it is not 

continuous at (0, 0). Toward this end, note that lim f, y) is I along the line 
(, y)(0,0) 

y =x in the first quadrant but is 0 if the approach is along the x-axis. This means that 
the limit does not exist. Thus, Í is not continuous at (0, 0) and consequently 1s ai 
not differentiable there. 
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Although the existence of partial derivatives at P(X0, yo) is not enough to guaran-

lee that (, y) is dillerentiable at P, we do have the following sufficicnt condition for 

differentiability. 

THEOREM 11.3 Sufficient condition for differentiability 

If is a function of x and y, and f, f, and/, are continuous in a disk D centered at 

WARNING Nole that the lunction in 

hamplo 
7 

doos nol conlradic! Thoorom (o, Yu), then f is differentiable at (Xo, yo). 

113 because lhere is no disk centored 

of (0), (0) on which / is conlinuous P'roof 
The prool is found in advanced caleulus texts 

EXAMPLE 8 Establishing differentiability 

Show that fa, y) = x'y +xy' is differentiable for all (x, y). 

Solution 

Compule the partial derivatives 

fx, y) = y +xy') = 21y + y' 
ax 

a. y)= y +xy') =r'+ 3xy2 
ay 

Because . J, and f, are all polynomials in x and y, they are conlinuous throughout 

the plane. Therefore, the sufficient condition for dilferentiability theorem assures us 

that f must be differentiable for all x and y. 

11.4 PROBLEM SET 
3. f(x. y) = x*+ y*+ sin xy at Po = (0, 2, 4) 

In Problems 1-6, determine the standard-form equations for the 

tangent plane to the given surface at the prescribed point Po. 

I.= +y at Po(3, 1, V10) 

o 0,2,4) 

P'o (3,1, V10) 

(3, 1,0) 
4. Jx. y) =e sin y at Pa (0, , 1) 

2.=10-x -y at Pa(2. 2. 2) 

Po(2,2.2) 

P,(0. 
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the specific gravity of the object is ModelingProblem Abusiness analyst models the sales of a new 
praduct by lhe function 

Q. y)= 20xy 

For a cetain object, x and y are measured to be 1.2 lb and 

0.5 Ib, respectively. It is known that the measuring instrument 

will not register less than the true weights, but it could register 

morc than the true weights by as much as 0.01 b. What is 

the maximum possible error in the computation of the specific 

gravity? 
46. A football has the shupe of the ellipsoid 

thousand dollars are spent on development and y 
where 
thousand dollars on promotion. Curent plans call for the ex- 
nenditure of S36,000 on development and $25,000 on promo- 
fion. Use the total difierential of Q to estinmate the change 
in sales thal will result it the amount spent on developmen 

Teascd by SS00 and the amount spent on promotion is 

decreascd by S500. 

41. Using hours of skilled labor and y hours of unskilled labor 

a manufacturer can produce f(r, y) = 10xy!/ units. Cur 
rently. the manufacturer has used 30 h of skilled labor and 

36 h of unskillcd labor and is planning to use 1 additional 
hour of skilled labor. Use calculus to estimate the correspond-
ing change that the manufacturer should make in the level of 

unskilled labor so that the total output will remain the same. 

42. Modeling Problem A grocer's weekly profit from the sale of two 
brands of orange juice is modeled by 

where the dimensions are in inches, and is made of leather 

1/8 inch thick. Use differentials to estimate the volume of the 

leather shell. Hint: The ellipsoid 

Pa. y) = (x - 30)(70-5x +4y) +(y - 40)(80 + 6x -7y) has volume V = irabc. 

C 47. Show that the following function is not differentiable at (0. 0): 
dollars, where x cents is the price per can of the first brand and 

y cents is the price per can of the second. Currently the first 

brand sells for 50¢ per can and the second for 52¢ per can. 
Use the total differential to estimate the change in the weekly 
profit that will result if the grocer raises the price of the first 
brand by 1¢ per can and lowers the price of the second brand 
by 2¢ per can. 

if (x. y) (0, 0) 
fx. 

if (r, y) = (0, 0) 

48. Compute the total differentials 

43. A juice can is 12 cm tall and has a radius of 3 cm. A manu- 
facturer is planning to reduce the height of the can by 0.2 cm 
and the radius by 0.3 cm. Use a total differential to estimate 
the percentage decrease in volume that occurs when the new 

cans are introduced. (Round to the nearest percent.) 

"- and d ) 
Why are these differentials equal? 

49. Let A be the area of a triangle with sides a and b separated by 
an angle , as shown in Figure 11.24. 44. Modeling Problem It is known that the period T of a simple 

pendulum with small oscillations is modeled by 

T = 27 

where L is the length of the pendulum and g is the accelera 
ion due to gravity. For a certain pendulum, it is known that 

L = 4.03 ft. It is also known that g = 32.2 ft/s. What is 

the approximate error in calculating T by usingL = 4 and 

8=32? 

Figure 11.24 Problem 49 

Suppose = z, and a is increased by 4% while b is decreased 

by 3%. Use differentials to estimate the percentage change in 
A. 

45. If the weight of an object that does not float in water is x 

pounds in the air and its weight in water is y pounds, then 
50. In Problem 49, suppose that 6 also changes by no more than 

2%. What is the maximum percentage change in A? 

11.5 Chain Rules 
IN THIS SECTION chain rule for one parameter, extensions of the chain rule 

CHAIN RULE FOR ONE PARAMETER

We begin with a differentiable function of two variables f(x, y). If x = x(t) and 
y = y(t) are, in tun, functions of a single parameter 1, then z = f (x(1), y(t)) is 
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a composite function of a parameter . In this case, the chain rule for findino the derivative with respect to one parameter can now be stated. 

THEOREM 11.4 The chain rule for one independent parameter 

Let flr. y) be a differentiable function of x and y, and let x= x(0) and y = yt) be 
differentiable functions of t. Then z = S(x, y) is a differentiable function of , and 

dzz dx dz dy 
dtax dt ay dt 

What This Says The tree diagram shown in the margin is a device for re 
membering the chain rule. The diagram begins at the top with the dependent 
variable z and cascades downward in two branches, first to the independent vari-
ables x and y, and then to the parameter on which they each depend. Each 
branch segment is labeled with a derivative, and the chain rule is obtained by 
first multiplying the derivatives on the two segments of each branch and then 
adding to obtain 

Tree diagram illustrating the chain ruie 

8z dx az dy 

ax dt 8y d 
left branch right branch 

Proof Recall that because z = fx, y) is differentiable, we can write the increment 
Az in the following form: 

Az =Ar +Ay +¬1Ar +¬24y 
ax 

where 0 and ez 0 as both Ax > 0 and Ay > 0. Dividing by Ar #0, we 

obtain 

8z Ay Az 3z Ar 

x Ar ay A tA +e 
Ax Ay 

At 

Because x and y are functions of t, we can write their increments as 

Ar = x(t + Ar) - x(t) and Ay = y(t +Ar)- y(t) 

We know that x and y both vary continuously with r (remember, they are differen-
tiable), and it follows that Ax 0 and Ay -> 0 as Ar » 0, so that e 0 and 
e20 as At > 0. Therefore, we have 

d lim Az 
A-0Arim 

ar iz ay Ax Ay 
Ar-oLx Aray Ar tE atA 

8z :dy 0z dx 

ax dt ay dt 

EXAMPLE1 Veriying the chain rule explicity 
Let z= x2 + y, where x = and y = r. Compute 

dz 
in two ways: 

dt 
a. by first expressing z explicitly in terms of 
b. by using the chain rule 
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Solution 

a. By substituting= and y=, we find that 

- () +* -i '+t for # 0 

d 
Thus, =-21+ 4. 

b. Because z = a + y and =r',y =2 
dx dy 

= 2 
dt 

= 2x = 2y -

d 
Use the chain rule for one independent paramecter: 

d: z dr 0z dy 

diax dray d 
= (2x)(-1)+2y(2/) Chain rule 

= 2( -)+2r (2/) 
=-2+ 4r3 

Substitute 

EXAMPLE 2 Chain rule for one independent parameter 

dz Letz = Vx2+ 2ry, where x = cos 6 and y = sin G. Find 
de 

Solution 

+2xy)2 (2x +2y) + 2xy)-(2x) and 

dx 

Also de - sin 6 and = cos 6. Use the chain rule for one independent parameter de 

to find 
dz 0z dx 0z :dy 

8x de dy de 

= {a* +2ry)- (2x + 2y)(-sin8)+ /x+2xy)-(2r)cos6) 
= (x* + 2ry)(x cos - x sin y sin 4) 

de 

EXAMPLE 3 Related rate application using the chain rule 

A right circular cylinder (see Figure 11.25) is changing in such a way that its radius r is 
increasing at the rate of 3 in./min and its height h is decreasing at the rate of 5 in./min. 
At what rate is the volume of the cylinder changing when the radius is 10 in. and the 
height is 8 in.? 

dr 3 

Solution 
dh di dr dh 

5 
The volume of the cylinder is V = Tr*h, and we are given = 3 and =-5. We 

dr di find that 
av 

T(2r)}h and 
dr Tr) h 

Figure 11.25 Right circular 
cylinder 

By the chain rule for one parameter, 
dV aV dr av dh dr 

Thus, at the instant when r = 10 and h = 8, we 

27rh+ar* 
have 

dh 
d or dt ah di dt 

dV 
2(0)(8)(3) + T(10)(-5) = -207 
d 

The volume is decreasing at the rate of about 62.8 in.'/min. 
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regard x If Fx. y) = 0 detines y implicitly as a dierentiable function r. we can reea 

as a parameter and apply the chain nule to obtain 

aFds aF dy 
dy dr 

F aF dy 

ax ay dx 

SO 

F 

dy provided F, #0 
d aF F 

This fomula provides a useful alternative to the procedure for implicit differentiation 
introduced in Section 3.6. This alternative procedure is illustrated in the follow ine 

Cample. 

EXAMPLE 4 Implicit differentiation using partial derivatives 

If y is a differentiable function of.x such that 

sin(r +y) + cos(r- y) = y 

dy 
find 
Solution 
Let Fx. y) = sin(r +y) + cos(r - y) - y, so that F(x, y) = 0. Then 

F. = cos(r + y) - sin(r - y) 

Fy = cos(r +y) - sin(r - y)(-1) - 1 

SO 

- cos(r+ y) - sin(r - y)] 

cos(x + y) + sin(r - y) - 1| 

When z is defined implicitly in terms of r and y by an equation F(r, y, 3) = 0, 

the chain rule can be used to findand in terms of Fr, Fy, and F-. The procedure 
y 

is outlined in Problem 57. 

EXAMPLE 5 Second derivative of a function of two variables 

Let2= f(x, y), where x = at and y = bt for constants a and b. Assuming all 

necessary differentiability, find d-:/dr- in terms of the partial derivatives of z. 

Solution 

By using the chain rule, we have 

dz 0z dx dy 
dt Ox dt y dt 

and 

8z dy 

dddix d ay dt 

: d ) : dy( d d dx oxdy dt dtyoxdt dy dt 
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dx dy Substituting = a and 
dt 

= b, we obtain 
dt 

-)a |++ 
Note axdy a +2ab 

dxoy 

EXTENSIONS OF THE CHAIN RULE 

Next, we will consider the kind of composite function that occurs whenx and y are 
both functions of two parameters. Specifically, let z = F(x, y). where x = x(u. v) 
and y=y(u, v) are both functions of two independent parameters u and v. Then 

= F[x(u. v). y(u, v)] is a composite function of u and v, and with suitable assump 
tions regarding differentiability, we can find the partial derivatives 8z/du and 8:/àv 
by applying the chain rule obtained in the following theorem. u 

THEOREM 11.5 The chain rule for two independent parameters 
Suppose z = fa. y) is differentiable at (. y) and that the partial derivatives of 
X(Uu, v) and y = y(u, v) exist at (u, v) 
Jlx(u, v). y(u, v)] is differentiable at (u, v) with 

Then the composite function 

z dy 
and F 

Bu x du ay du r v ày dv 

Proof This version of the chain rule follows immediately from the chain rule for one 
independent parameter. 

Slx(u, v). y(u, v)} depends on u alone, and we have the situation described in 
the chain rule of one independent variable. We apply this chain rule with a partial derivative (becausex and y are functions of more than one variable): 

For example, if v is fixed. the composite function 

du dx du dy du 

The formula for can be established in a similar fashion. 

EXAMPLE6 Chain rule for two independent parameters 
Let z= 4r - y, where x = uvs and y = u'v. Find and 

du 

Solution 
First find the partial derivatives: 

=(4r - y) =4 4x y) = -2y dy dy 

x (uv?) = v y (uv) = 3uv du du 

and 

ur) = 2u 
(v)=u' 

Therefore, the chain rule for two independent parameters gives 
az ox az öy 

du dr du dy du 

= (4)() +(-2y)(3u'v) = 4 - 2(u v)(3u'v) = 4u2 - 6u' 
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and 
x : ày 

Ax ay àv 
= (4)(2u1) + (-2y)(u') = 8uv- 2(u v)u = 8uv -2,6 

EXAMPLE 7 Implicit diferentiation using the chain rule 

U E U. If f is differentiable andz = u + fu'v), show that u du 

Solution 
Let w = uv, so z =u+ f(w). Then, according to the chain rule, 

d2 df dw 0z df 8w 

av dw ôv u 
= 1+f'(w)(2uv) = f'(w)(2uv) 

o that 

"aau[l + f(w)(2u')] -v[f'(w2u?v)] au v 

=u+f(w) [u(2uv) -v(2u'v)] 
= 

The chain rules can be extended to functions of three or more variables. For in 
stance, if w = f(x. y, z) is a differentiable function of three variables and x = zi 

y = y), z = z(0) are each differetiable functions of 1, then w is a differentiable 

composite function oft and 
8w dz Bw dx, ôw dy 

ox dt ay dt 
In general, if w = f1, I2, ,) is a differentiable function of then variables 

1. X2 n, Which in turn are differentiable functions of m parameters 1,. 

dw 

dt 8z dt 

then 
8w dxn 8w 0X2 4.*aXx 3t 

dw duw ôxi 

dw Ow 8x 

EXAMPLE 8 Chain rule for a function of three variables with three 

parameters 
Ow 

Findif w = 4x +y +z', where x = ers, y = In and z = rst. 
ds 

Solution 

dw dx 8w dy 8wi 

s 8x 8s ày as 8z ðs 

- +E]-a+'+* 

+3tr) 

8rse+ 2y +3rr? 
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In terms of r, s, and , the partial derivative is 

8w 8rse+n +3r'* 
as rts 

11.5 PROBLEM SET

HAT DOES THIS SAY? Discuss the various chain rules and 20. Find, where w =-y*3" and x = r+s-t, y = 2r-3s, 
dw 

the need for such chain rules. 

, WHAT DOES THIS SAY? Discuss the usefulness of the 

schematic (tree) representation for the chain rules. 
1. WHAT DOES THIS SAY? Write out a chain rule for a func-

tion of two variables and three independent parameters. 

Z = cos rst. 

dw dw 
21. Findandwhere w = andx = 2rs, y = sin ri, 2 z 

in Problems 4-7, the junction z = f(x, y) depends on x and y, 

which in turm are each functions ofi. In each case, find dz/dt in 

In Problems 22-27, assume the given equations define y as a dif- 

ferentiable function of x and find dy/dx using the procedure illus- 
trated in Example 4. 

23. (- y)32 +r2y = 2 22. xy + yxy = 4 

24. xy + In(2x + y) =5 

nNo different ways: 

a. Expressz explicitly in terms of t. 

b. Use the chain rule for one parameter 
25. x cosy +y tan"'x =* 

27. tan( un () 26. xe' + ye-y = 3 
4. fu. y)=2xy + y, where x = -3r and y = I + 
5. fa.y)= (4+y*)x, where x = e and y = e 
6. flr. y) =(1+r+y')"i, where x = cos 5t and y = sin 5t 
1. flr. y) = xy, where x = cos 31 andy = tan 3 

In Problems 8-11, the function F (x, y) depends on x and y. Let 
I= x{u, v) and y = y(u, v) be given functions of u and v. Let 

= Flx(u, v), y(u, v)] and find the partial derivatives àz/8u and 
8z/0v in these two ways 

a Express z explicitly in terms of u andu. 

b. Apply the chain rule for two independent parameters. 

8. Fa, y) =x+y', where x = u + v and y = u - v 

9. Fx, y) =x+ y', where x = u sin v and y =u- 2v

Find the following higher-order partial derivatives in Problems 
28-33. 

b. 
ax2 

a. C. 

axdy 3y 
29. xyz=2 
31. x+ y-'+z-'=3 
33. z +sinx = tany 

28. x+y +2 = 5 
30. In(x + y) = y*+tz 

32. x cos y = y +z 

34. Let f(x, y) be a differentiable function of x and y, and let 
=r cos 6, y = r sin 6 forr > 0 and 0<0< 2t. 

a. Ifz = flr(r, @), ytr. 0)]1. findand 8z 
dr 

b. Show that 
10. F(x, y) = e*', where x = u - v and y = u + v 

11. Flr. y) = Inxy, where x = e"v. y = e"v 

Wrie out the chain rule for the functions given in Problems 12-15. 

12. = flx, y), where x = x(s, 1), y = y(s, 1) 
35. Let z = flx. y), where x = au and y = bu, with a, b con- 

stants. Express 3z/8u' and 3z/8v in terms of the partial 
derivatives of z with respect to r and y. Assume the existence 
and continuity of all necessary first and second partial deriva- 
tives. 

15. w = f(x. y, z), where x = x(s, 1), y = y(s, 1), z = z(s, t) 
14. I= flu, v), where u = u(x. y, z, w), v = v{I, y, z, u) 
5, w = fx, y, z), where x = x(s, 1, u), y = y{s, 1, u), 

z(5,1, u) 
36. Let (r, y, z) lie on the ellipsoid 

Find the indicated derivatives or partial derivatives in Problems 
10-21. Leave your answers in mixed form (x, y, z, 1). 

Without solving for z explicitly in terms of x and y, compute the higher-order partial derivatives 
6, Find where w = In(r +2y -z*) and x = 21 - 1, y= 

17. Find where w sin xyz and x = l- 31, y = e'-, 

dt 

3z and dw 
3x2 axay 

37. The dimensions of a rectangular box are linear functions of 
time, e(t), wt), and h(0). If the length and width are increas- 
ing at 2 in./sec and the height is decreasing at 3 in./sec, find the rates at which the volume V and the surface area S are 

41. 

18. Find d 
dWhere w = ze" andx = sint, y = cosr, 

2= tan 2. 

changing with respect to time. If e(0) = 10, w(0) = 8, and 
h(0) = 20, is V increasing or decreasing when = 5 sec? What about S when = 5? 

19. Find wherc 
dwhere w = e + and x =. y = In(2 - 3),. 
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11.6 Directional Derivatives ond the Gradlent 

f(u.1, uw) is differentiable and u =* - y, v = y - z, and Use these formulas to findandifz is de fined implicitly 
y ax 

-X, What is 
by the equation r2 + 2xyz +y'+e = 4. 

58. Suppose the system 

55. The 
Cauchy-Riemann equation 

du 

xu + yv 
- uv = 0 

yu - xv +uv = 0 

and 
3y ay ax 

Sce Problem 51, Section 11.3.) Show that if x and 
pressed in terms of polar coordinates, the Cauchy-Riemann 

can be solved for u and v in terms of x and y, so that 

u = u(x, y) and v = v{r, y). Use implicit differentiatioon 

to find the partial derivativesand 

are ex-

cquations become 

1 du 59. A function f(x, y) is said to be homogeneous of degree n if 
du 

and 
arr89 

fltx. ty) ="flx, y) for allr> 0 

6. Let T(. y) be the temperature at cach point (r, y) in a po 

tion of the plane that contains the ellipse x 2cos, y = sint 

for 0 27. Suppose 
a. Show that f(x, y) = **y +2y' is homogeneous and find 

its degree. 

T aT b. If flx, y) is homogeneous of degree n, show that 
and = X = y 

8x 3y 

3+ =nf 
d2T 

a. Find and by using the chain rule. 
dr2 

b. Locate the maximum and minimum temperatures on the 

ellipse. 
57. Let Fx. y, z) be a function of three variables with continu 

ous partial derivatives F, Fy, F: in a certain region where 

F.y. 2) = C for some constant C. Use the chain rule for 

two parameters and the fact that x and y are independent vari-

ables to show that (for F: # 0) 

60. Suppose that F and G are functions of three variables and 

that it is possible to solve the equations F(x, y, z) = 0 and 
G(, y, z) = 0 for y and z in terms of x, so that y = y() 

and z = z(x). Use the chain rule to express dy/dx and dz/dx 
in terms of the partial derivatives of F and G. Assume these 

partials are continuous and that 

aF IG aF aG 

ay 0z z ay and 
F 

11.6 Directional Derivatives and the Gradient 
the directional derivative, the gradient, maximal property of the gradient, functions of 
three variables, normal property of the gradient, tangent planes and normal lines 

IN THIS SECTION 

Suppose z = T(x, y) gives the temperature at each point (r, y) in a region R of the 

plane, and let Po(xo. yo) be a particular point in R. Then we know that the partial 
derivative 7.(x0, Yo) gives the rate at which the temperature changes for a move from 
Po in the x-direction, while the rate of temperature change in the y-direction is given 
by T,o o). Suppose we want to find the direction of greatest temperature change, 
which may be in a direction not parallel to either coordinate axes. To answer this 
question, we will introduce the concept of directional derivative in this section and 
examine its properties. 

THE DIRECTIONAL DERIVATIVE 

In Chapter 3 we defined the slope of a curve at a point to be the ratio of the change in the dependent variable to the change in the independent variable at the given point. To determine the slope of the tangent line at a point Po(xo. yo) on a surface defined by z = f(x, y), we need to specify the direction in which we wish to measure. We do 

this by using vectors. In Section 11.3 we found the slope parallel to the xz-plane to 
be the partial derivative fr(Xo. yo). We could have specified this direction in terms of 
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the unit vector i ( direction), while f,(r. y) could have been specified in terms of t 

unit vectorj. Finally. to measure the slope of the langent line in an arbitrary direction 

we use a unit vector u = ult uJ in that direction. 

To find the desired slope, we lowk at the intersection of the surface with the veriical 

plane passing through the point Po parallel to the vector u, as shown in Figure 11 26 

This vertical plane intersects the surface to form a curve C, and we define the slope o 

the surface at Po in the direction of u to be the slope of the tangent line to the curve 

dcfined by u at that point. 

y) 

Tangent toG 

Poro o) 

Figure 11.26 The directional derivative D.fxo. yo) is the slope 

of the tangent line to the curve on the surfacez = flx, )y) in 

the direction of the unit vector u at Polxo. yo). 

We summarize this idea of slope in a purticular direction with the following definition. 

Let f be a function of two variables, and let u = uji + uzj be a unit vector. The 
directional derivative of f at Po(r0, yo) in the direction of u is given by 

fxo + hu1. yo + hu2) -fo. yo) 

Directional Derivative 

WARNING, Remember, u must be D.fxo. yo) = lim 
4ntt vecior h h-0 

provided the limit exists. 

At a particular point Po(xo. yo), there are infinitely many directional derivatives 
to the graph of z = flx. y), one for each direction radiating from Po. Two of these 
are the partial derivatives fxo. yo) and f,to. yo). To see this, note that if u =i(so 

u = I and u2 = 0), then 

fXo+h. yo)- JXo = f,(Xo, yo) Dfxo, yo) = lim 
h 

and if u =j (s0 41 = 0 and u2 = ), 

S(Xo. yo +h)= Jo y0 = f,Ko. yo) DfCo, yo) = lim 
h-0 h 

The definition of the directional derivative is similar to the definition of the deriva- 
tive of a function of a single variable. Just as with a single variable, it is difficult 
to apply the definition directly. Fortunately, the following theorem allows us to find 
directional derivatives more efficiently than by using the definition. 
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THEOREM 11.6 Directional derivatives using partial derivatives 

Let flx, y) be a function that is differentiable at Polxo, yo). Then f has a directional 
derivative in the direction of the unit vector u = uji + u2j given by 

DuSx0. yo) = f.(xo. yo)u + , (x0» yo)u2 

Proof 
so that 

We define a function F of a single variable h by F(h) = f(xo+hu1, yo+hu2). 

fo+ huj. yo + huz) - fto. yo) DuS o. Yo) = lim 
h0 h 

lim 
h0 

F(h) - F(O) =F'(0) = 

Apply the chain rule with x = Xo + huj and y = yo + huz: 

F'h) = = dJ dx 3f dy . x. y)ui + fx. y)uz 
dh x dh h 

When h = 0, we have x = Xo and y yo, so that 

af D.f zo, Yo) = F(0) = 4+42 = S. (Ao. o)u + S,(Ko. yo)u 
ay 

EXAMPLE1 Finding a directional derivative using partial derivatives 

Find the directional derivative of fx. y) = 3 - 2x2+ y' at the point P(1, 2) in the 

direction of the unit vector u = i- j. 
Solution 

First, find the partial derivatives f, (x, y) = -4r and f,x, y) = 3y2. Then since 
4 = and u2 = -, we have 

D.f1.2)= f.0.2 + 5,1.2) 
20(1.2,9) 

-41()+3a:( = -2-6vV3 - 12.4 
The directional derivative of f(x. y) at the point Po(xo. yo) in the direction of the 

unit vector u = (u1. u2) can be interpreted as both a rate of change and a slope. For 
instance, in Example 1, the intersection of the surface z = 3 - 2x + y' with the 
vertical plane through the point P(1,2) parallel to the unit vector u =( is a 

curve C. and the directional derivative D.f1.2) = -12.3 is the slope of C at the 
point Q(1, 2.9) on the surface above P, as shown in Figure 11.27. The directional 
derivative also gives the rate at which the function f x. y) = 3 2x2 +y' changes as 
a point (x. y) moves from P in the direction of u. 

P,(1.2) 

Figure 11.27 The graph of the surface 
3-2x+y 

THE GRADIENT 

The directional derivative D.s (x, y) can be expressed concisely in terms of a vector function calied the gradient, which has many important uses in mathematics. The gradient of a function of two variables may be defined as follows. 

Gradient Let f be a differentiable function at (x, y) and let fx, y) have partial derivatives f.x. y) and f,a, y). Then the gradient of f, denoted by Vf (pronounced "del eff"), is a vector given by 

VSa.y) = S.a. y)ji+ Sa, y)j 
The value of the gradient at the point Po(xo, yo) is denoted by 

Vfo= f.xo. yoji + S,o. yo)j 



740 Cper 11 hrtiel Difrontinon 

Note: Think of the symbol V as an "operator on a function that produces a vecto 

Another notation for Vf is grad fa. v). 

EXAMPLE 2 Finding the grodient of o given function 

Find VfA. )for fl. ) = r'y + 

Solution 

Begin with the partial derivatives: 

f..) u'y+y)= 21y and a. y) = y +y) =r'+3y2 
dy 

Then 

VSa. y)= 2ryi + (+3y)j 

The following theorem shows how the directional derivative can be expressed in 

tems of the gradient. 

THEOREM 11.7 The gradient formula for the directional derivative 

If f is a differentiable function of r and y, then the directional derivative of f at the 

point Po(Xo. u) in the direction of the unit vector u is 

DafCo. yo) = Vfo u 

Proof Because V fo = f.(to. yo)i + S,Cto. yo)j and u = uji +uzj. we have 

DafCto. o) = Vfo u = f. (to. Yo)u + fXo. Jo)uz 

EXAMPLE 3 Using the gradient formula to compute a directional derivative 

Find the directional derivative of flr. y) = In(r + y') at Po(1, -3) in the direction 

of v= 2i3j. 

Solution 
2x 

so f(1.-3) =26 
26 

S,.y)?+ so S(,-3) = -
3y2 27 

26 

Vfo=Vf(, -3) = -i- 

A unit vector in the direction of vis 

u v /22+(-3)P -3j 
2i-3j V 

Thus. 

M)(0) D,(r, y) = Vf u: 

77 13 
338 

Although a differentiable function of one variable f(r) has exactly one derivative 

f'u). a differentiable function of two variables F(x, y) has two partial derivatives and 
an infinite number of directional derivatives. Is there any single mathematical concep 
for functions of several variables that is the analogue of the derivative of a function 
of a single variable? The properties listed in the following theorem suggest that tne 

gradient plays this role. 
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THEOREM 11.8 Basie properties of the gradient 
Let f and g be differentiable functions. Then 

Constant rule Vr0 for any constant c 

Linearity rule taf +bg)= aVS + bVg for constants a and b 

Product rule Ve Vg + gVJ 

Quotient rule - /V 
Power rule Vf") = nf"-'Vf 

Proof Linearity rule 

V(af +bg) = (af + bg),i + (af +bg),j = (af, + bg. )i + (af, + bg, )j 

= af,i +bs,i +af.j + bs,j = a(f.i+ Sj) + blg.i + 8,j) 

= aVf +bVg 

Power rule 

VS" = "Ii +f"j =nf"- fi +nf"-'Sj 
= nf" "\f,i+ Sjl = nf"-lvf 

The other rules are left for the problem set (Problem 57). 

MAXIMAL PROPERTY OF THE GRADIENT 

In applications, it is often useful to compute the greatest rate of increase (or decrease) 
of a given function at a specified point. The direction in which this occurs is called the 
direction of steepest ascent (or steepest descent). For example. suppose the function 

= flr, y) gives the altitude of a skier coming down a slope, and we want to state a 

theorem that will give the skier the compass direction of the path of steepest descent 
(see Figure 11.28b). We emphasize the words "compass direction" because the gradi 
ent gives direction in the xy-plane and does not itself point up or down the mountain. 
The following theorem shows how the direction of maximum change is determined by 
the gradient (see Figure l1.28). 

"Steepest" tangent 
vector has magnitude 

a. The optimal direction property of the gradient b. Skier on a slope 

Figure 11.28 Steepest ascent or steepest descent 
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THEOREM 11.9 Maximal direction property of the gradient 

Suppose f is differentiable at the point Po and that the gradient of f at Po satisfies 

Vfo # 0. Then 

a. The largest value of the directional derivative Duf at Po is ||V foll and occurs when 

the unit vector u points in the direction of VSo. 

b. The smallest value of Dus at Po is -||Voll and occurs when u points in the direc. 

tion of - V fo. 

en 

Proof If u is any unit vector, then 

Duf = Vfo u = |VSoll (|u|| cos6) = ||V foll cos6 

where is the angle between V fo and u. But cos assumes its largest value 1 at 6 = 0: 

that is, when u points in the direction V fo. Thus, the largest possible value of D.f is 

D.f = |IVfoll(1) = |IV fol 

Statementb may be established in a similar fashion by noting that cos 0 assumes its 

smallest value - 1 when = T. This value occurs when u points toward -V fo. and in 

this direction 
D.f = |IVfoll (-1) = -IV Soll 

Direction of 
Stcepest descent 

What This Says The theorem states that at Po the function f increases 

most rapidly in the direction of the gradient Vfo and decreases most rapidly in 

the opposite direction (see Figure 11.29). 

Vfo 

Figure 11.29 The direction of steepest EXAMPLE 4 Maximal rate of increase and decrease 

In what direction is the function defined by fx. y) = re-*** increasing most rapidly 
at the point Po(2, 1), and what is the maximum rate of increase? In what direction is f 

decreasing most rapidly? 

descent 

Solution 
We begin by finding the gradient of f: 

Vf = fi+ fj = le+xe(-1)Ji + [xe"(2) 
=e( - x)i +2xj 

At (2. 1), fo = e-I(1 - 2)i +2(2)j] = -i+4j. The most rapid rate of increase 
is || Vfoll -1)2+ (4) = V17 and it occurs in the direction of -i +4j. The most 

rapid rate of decrease occurs in the direction of - V fo = i- 4j. 

FUNCTIONS OF THREE VARIABLES 

The directional derivative and gradient concepts can easily be extended to functions of 

three or more variables. For a function of three variables. flx. y. z), the gradient Vf 

is defined by 
Vf = fi + Sj+ S:k 

and the directional derivative D,f of f(, y. 2) at Polxo. Yo. co) in the direction of the 

unit vector u is given by 

D.f = Vfo u 

where, as before, VSo is the gradient Vf evaluated at Po. The basic properties of u 

gradient of flx. y) (Theorem 11.8) are still valid, as is the maximal direction proper 
of Theorem 11.9. Similar definitions and properties are valid for functions of more 

than three variables. 
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