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24 THE EUCT 1ne
HE EUCLIDEAN ALGORITHM found ”

The ¢
R\lll\l .
all thej It POS [mmmon divisor of two integers can, of course: n 1o each’ 1ed
positive divisors and choosing the largest one €0 omm nvol\’mg ped

I8 kll'[nb(l'\oln
L t) < » SS' " l
application of 1) ‘5 large numbers. A more efficient proc’ ok of the day !
ol the Division Algorithm, is siven in the seventh Jclid. 10

\\hhou“h there is historical evidence that this method predal®® inte-
reterred to as the Enc lidean Algorithm. and be tWO 'S

The Euclidean Algorithm may be described as follows: Leté b| = gcd(a'.'b)'
gers whose greatest common divisor is desired. Because gcd(l @ 1
there 1S no harm in assuming that @ > b > 0. The first step is 10 ap
Algorithm to a and b to get
a=qb+r 0<r <b
It it happens that r; = 0, then b | a and gcd(a , b) = b. When 71 7=
to produce integers ¢» and r, satisfying
b=qry+nr 0<r<n

If r» = 0. then we stop: otherwise, proceed as before to obtain

2 (), divide b by

ry=qsr+r; 0<rnn<n

This division process continues until some zero remainder appears, say. at the
(n + 1)th stage where r,_; is divided by r, (a zero remainder occurs sooner Or

later because the decreasing sequence b > ry > r2 > --- > 0 cannot contain more

than b integers).
The result is the following system of equations:

a=qb+r O<r <b
b=qar +n 0<r<nr

ry = qi3n + 3 0< rs<nr

ry-2 = {nln-1 + Iy 0< Iy < B
Fn—1 = {ni!1n + 0

We argue that r,,, the last nonzero remainder that appears in this manner, is equal to

ged(a ., b). Our prool is based on the lemma below.

Lemma. If ¢ = gb + r, then ged(a, 0) = ged(b, r).

R R o S C — f | Wlliiatan o SRR — B
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Proof. 1f d =gcd(a,b), then the relations_({la and d|b together imply tl}:at
d|(@—qb), or d|r. Thus, d is a common divisor of both # and r. On the other
hand. if ¢ is an arbitrary common divisor of b and r, then ¢[(gh + 1), whence
¢ |a. This makes ¢ a common divisor of-a and b, so that ¢ < d. It now follows from
the definition of ged(b, r) that d = ged(b, r).

Using the result of this lemma, we simply work down the displayed system of
equations, obtaining

ecd(@ . b) = ged(b, r)) =+ = ged(r,—, ry) = ged(r, , 0) = 1

as claimed.

Theorem 2.3 asserts that ged(a, b) can be expressed in the form ax + by, but
the proof of the theorem gives no hint as to how to determine the integers x and y.
For this, we fall back on the Euclidean Algorithm. Starting with the next-to-last
equation arising from the algorithm, we write

'n =Tn—2 — qntn-1

Now solve the preceding equation in the algorithm for r,,_; and substitute to obtain

Fn =rp—2 — Qn(rn—3 - Qn—lrn—2)
= (1 + gngn-1)rn—2 + (=qn)rn_3

This represents r, as a linear combination of r,,_, and 7,,_s. Continuing backward
through the system of equations, we successively eliminate the remainders Fn—1,

n—2. ..., 72, 11 until a stage is reached where r,, = gcd(a, b) is expressed as a linear
combination of a and b.

Example 2.3. Let us see how the Euclidean Algorithm works in a concrete case

by calculating, say, gcd(12378, 3054). The appropriate applications of the Division
Algorithm produce the equations

12378 = 4 - 3054 + 162
3054 = 18162 + 138
162 =1.138 + 24

138=5-24+18
24=1-18+6
18=3.640

Our p_rcvious discussion tells us that the last nonzero remainder appearing in these
-CQuations, namely, the integer 6, is the greatest common divisor of 12378 and 3054;

6 = ged(12378, 3054)

lo represent 6 as a linear combin

ation of the integers 12378 and 3054, we
the next-to-last of the displayed e E Tk

1 . start with
quations and successively eliminate the

remainders

R T P T N T s ey

T W 1

&

PUFTAAR I

Scanned with CamScanner



